Eureka Digital Archive 

archim.ora.uk/eureka 



This work is published under the CC BY 4.0 license. 
https://creativecommons.Org/licenses/bv/4.0/ 


Eureka Editor archim-eureka@srcf.net 

The Archimedeans 

Centre for Mathematical Sciences 

Wilberforce Road 

Cambridge CB3 OWA 

United Kingdom 

Published bv The Archimedeans. the mathematics student 
society of the University of Cambridge 


Thanks to the Betty & Gordon Moore Library. Cambridge 








EU REKA 

THE JOURNAL OF THE ARCHIMEDEANS 

(The Cambridge University Mathematical Society: Junior 
Branch of the Mathematica! Association) 

Editor: G. C. Shephard ( Queens ’) 

Committee: C. 8. Haselgrove ( King’s ); J. Griffith ( Trinity) 

No II JANUARY, 1949 

Contents 

Page 

Editorial .. .. .. .. .. ... .. 2 

The Archimedeans .. .. .. .. .. .. 2 

The Fundamental Theorem cf the New Geometry .. 3 

Noughts and Crosses .. .. .. .. .. 5 

The Problems Drive .. .. .. .. .. 10 

Crossword .. .. .. .. .. .. .. 12 

Ruler and Compasses .. .. .. .. 13 

A Note on Fermat’s Last Theorem and the Mersenne 

Numbers .. .. .. .. .. .. .. 19 

E.D.S.A.C. 23 

The Deltoid (II) . 26 

Book Review .. .. .. .. .. .. . . 29 

Solutions to Problems in Eureka No. 10 .. .. 31 


Contributions and other communications should be addressed to: 

The Editor, “Eureka,” 

The Archimedeans, 

The Arts School, 

Bene’t Street, 

Cambridge, 

England. 
















Editorial 

In writing an editorial it is a virtue to be brief. I confine myself 
to three remarks. 

Articles for Eureka are still urgently required—particularly 
those of a trivial or humorous variety. I shall be pleased to receive 
contributions at any time, especially during the Lent Term, 
so that our next issue can be produced before the end of the year. 

I must thank all those who have helped with producing this 
issue in any way, by contributing articles or reading manuscripts 
and proofs. A special mention must be made of John Leech, 
who undertook the dilhcult and tedious job of preparing the 
diagrams for the block-makers. 

My last remark is to express my thanks and appreciation of 
the work of our business managers who have dealt with thousands 
of letters in connection with the magazine, in addition to attending 
to all matters concerned with advertising and finance. Its continued 
success depends on their efforts. 


The Archimedeans 

This term the membership of the Archimedeans has increased 
considerably, partly due to the appointment of a new officer, the 
College Representative Secretary. The work of administration has 
also been distributed more widely amongst the Committee. 

Evening meetings have been well attended, especially that of 
Professor P. M. S. Blackett on “Cosmic Ray Showers.” The other 
evening lectures were given by Professor T. G. Semple, Professor 
E. C. Titchmarsh and Professor R. A. Fisher. Two tea-time 
meetings and a visit to the Mathematical Laboratory were also held. 

This term the Music Group has been re-formed and has been 
enthusiastically supported at its Tuesday afternoon meetings. The 
Play Reading Group, unfortunately, has lapsed. The formation 
of a not-too-serious Bridge Group is strongly advocated in some 
quarters, and the Committee would be glad to hear of anyone 
interested in running or supporting either of these groups. 

A Christmas Party took place quite successfully and other social 
events, details of which will be announced later, will be held in 
the Lent Term. 

I should like to take this opportunity of thanking those who 
have helped to arrange the Society’s activities. We should like 
to hear of any others willing to help in the future. 

* 
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I lic Fimdamental Theorem of the New 



By N. A. Routledge 


< om I'an Tutte, ” as Mozart sang. The basic idea of the 
i uiling theorem that I propose to prove came to me during 
» mnit performance of this work: “Women are all the same/' 
Wliut I shall demonstrate is more general—all curves are the 
iiiii' but readers from Newnham and Girton will be relieved 
i" liear that the demonstration is valid only for Euclidean 
I* and we of the relativity era know only too well that 
mii -.pace is non-Euclidean. 

I liall give a proof only in the case of well-behaved curves in 
> ptine. When this is proved, we can then show that any two 
puints in the plane are the same. For let X and Y be two points 
in 11 h* plane. Take two circles, centres X and Y respectively. 

I luv,e two curves are, by the theorem, the same, so they have the 
him' centre. Therefore X is the same as Y. 

Mow let X and Y be two points in a general Euclidean space. 

I d < ;my plane through them. They are two points in this plane. 

I lu i clore X is the same as Y. This implies that any two conhgura- 
Huiis —curve, surface, volume, or what you will—in general 
I ,u< lidean space are the same. 

I I i<* rapid manner in which this very powerful result can be 
itnluml from my theorem, combined with the wealth of simpli- 
h* ition wliich must be imported by it into geometry, does, I think, 
|n *t ify me in calling it the “fundamentar’ theorem of the “new ,> 
Kroinetry. 

Now for the proof. 

I < t P and Q be two well-behaved curves in a plane. Now P 
i i < crtainly the envelope of a family of curves (its tangents). 

I ct / (x, y, a) = o be, for different a, the equation of the curves 
Ul such a family, and let g (x, y, = o be, for different /3, the 
• qu.ition of curves of a family having Q as its envelope. 

Kliminate hrst y, and then #, from these equations, giving say 


x = 4> («. £) y = 4 1 («. £) 


W- 


I ui lixod a, as /3 varies, the equations (i) make (x,y) describe the 
< ui vc / (x, y, oc) = o. 

11 *uce P, being the envelope of f(x, y, a) = o, is the envelope of 
• l»< < urvos generated from (i) for fixed a, for different values of a. 
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Now P is got by eliminating a from 

f (x, y, a) = o and ^ = o 

Let us express the condition ~ = o in terms of <p and i p. 


( 2 )* 



dj3^ dp- dx - dp ‘ r dp • 
df df df 

Bnt Fx dx + Fy d y + do \ d * = °- 



d(f> dxfj dcf> difj 

/3 ' da. doi ' d/3 


(3). 


Now / (x, y, a) = o is got by eliminating /3 from (i). 

And so, from ( 2 ) and ( 3 ), P is got by eliminating a and /J from 


d(j> difj d(f> difj 

da. ' df3 dj3 ‘ 3 ol ' 


x = <t>(a.,P), y — <p (a. P), 


But this is perfectly symmetrical, i.e. Q is got from the same 
equations. 

Therefore P and Q are the same. 

(The Editor invites readers to discover the fallacy in the proof 
of the theorem.) 


■ 



Pray tell me, little spinning top, 
Why it is you always stop 
Your twisting round so steadily— 
A thing you do so headily— 

And wobble when inert you go. 

Is it due to vertigo ? 


SUCRA. 
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Noughts and Crosses 

By G. E. Felton and R. H. Macmillan 

I m r. nne of noughts and crosses played on a 3 2 board is the simplest 
i i • «•ries of positional games in which the object is to place a 
imml)(T of men in a straight line betore one’s opponent can do so. 
\\ < (,m subdivide such games into the static, in which the men 
'■m.iiii fixed after they have been placed, and the dynamic, in 
■ liu li movement is permitted after all the men are on the board. 

fhr llicory of the 3 2 static game has been completely worked 
mI hy Dudeney, who shows in The Canterbury Puzzles that it 
tdnnilil always result in a draw unless the play is restricted in 

• 11 .mi ways. He has also examined Ovid’s Game, which is similar, 

• «*|)t that each player has three men only, which may be moved 

i » udjacent cells after all are placed. Another example of the 
dyn.imic type of game is Nine Men’s Morris, whose possibilities 
iiH’ uot yct fully explored. Extensions of the static noughts and 

• iii <•. include several practicable possibilities: in a plane, it may 
ln K‘(juired to get more than three in a line on a larger but still 
llmltnl board; or the board may be unlimited. The most satis- 
I i' lory of tliese games is Pegotty, in which the object is to complete 
i llnc of iive men on an unlimited board. The game is of Japanese 
11*111 and sometimes called Go-bang, go being the Japanese for 

hvc. 

I lic other obvious extension is to three or more dimensions. In 
ilucn diinensions a “board” with 3 3 cells might be used, but it 
i|ipcars that, in general, boards with an odd number of cells are 
ii' 'I , ..itisfactory owing to the dominating position of the central 
«• II. I lie device of omitting this cell has certain disadvantages also. 

I lu disposes of 3 3 and 5 3 boards, leaving 4 3 and 6 3 as possibilities; 
liist met the game on the 4 3 board in Cambridge in 1940; the 

• ‘lijci I is to place four men in a line and it makes an excellent game. 
I li* ouly game with which we have experimented in more than 
llm c dimensions is 4 4 ; this appears to give a game very similar 
1 • !hc 4 3 one, but with certain enlarged possibilities. 

I hc object of this note is to introduce the 4 3 game and indicate 
"Uir iuteresting lines of play. Although the game is by no means 

• imluly complex, we have been unable to devise a certain method 
I wlnning, so that the logical outcome with perfect play is still 

Miiknnwn and presents an interesting problem. Although it might 
I- lc isible to construct a wire cube in which one could play with 
1 hr .1111 of counters, it is found convenient in practice to play on a 

• 1 1 nr< !cd cube whose four layers are arranged side by side as in 

l • 1 Any cell can be identihed by its co-ordinates, which are 
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(*) 


Aa4, Bb3, Cc2, 
Ac4, Bc4, Cc4, 
Ac2, Bc2, Cc2, 
Adi, Bd2, Cd3, 
Aa3, Bb3, Cc3, 


(a) 

Q>) 

(c) 

(d) 

( e ) _ _ 0 . 

(/) Adi, Bdi, Cdi, Ddi—Edge. 


Fig. i. 

Ddi—Cube diae:ona] 
Dc 4 . 

Dc2. 

Dd 4 —Face diagonal. 

Dd 3 . 


Tactics. 

£h cdl vacant B’snet " ■*?* a Une which ha * * 
ceU- Such a poshion will beTiTa check "ul ^ ^ 
to leave two checks simultaneously B m ,ist lose 
block both of them Thic ic u • ] uusl lose » lo r he cannot 

winning combination A mu ° the the sim P lest 

intersecting lines and t ^ ° n each of two 

configuration ,s verv easvtr r C °™ m ° n cel1 or ™ de - This 

f or 1 ™ f Y eaSy for B t0 see a nd also very easy to block 
tor a man placed on an y j sy ro Diock, 

will serve. It will be noted tW ,, A’?Jl UsM ° re A s . final move 
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I h« Ihird critical form we call the pincers ; here A pushes B's 
1« i ( onc move further back, by placing two men on each of a 

i th of lines intersecting a third on which he also has one man. 
W l k n A places a man on either of the nodes, giving check, B cannot 
! • • n I tlie completion of a doublet at the next move. Six men 

• " nmled to complete this conhguration, but they need not be 
• pl.m.ir, which makes it less likely for B to see it. The number of 
iii* n irquired for a pincers can be reduced by arranging that one 
i lh< points shall be a double point , common to two of the lines. 

I Iti irsulting conhguration, which we call the triangle, is necessarily 
i«l inr The idea of the pincers can, of course, be extended so that 
i hr iwo lines with pairs of men on them are joined by a chain of 
iiiu rach with only one man on it. The nodes must be left vacant 
unhl A has completed the critical form, when a single man placed 
•m rither of the end nodes is a winning move. 

II will be noted that a single enemy man can block a conhguration 

II il is placed on any vacant cell. It follows that constructions 
whlrh are elaborate are more likely to be blocked accidentally 
m« I should not be used. 



Kxtended Pincers Triplet Extended Triplet 

('L'hird Rank) 

Fig. 3. 


I l,r pincers is a special form of the critical form we call the 
hiplct, shown in Fig. 3, a conhguration which can only attain its 
hillrst Ireedom in four dimensions. The principle of the triplet 
. 111 obviously be extended indehnitely, like the pincers. It is also 
pimible to arrange to have one or more double points, at the 

sL t± % 

Triplet Double Doublets 

Figures with Double Points 
Fig. 4. 


> | kmisc of becoming progressively more planar. Two such variants 
11 <• shown in Fig. 4. The iirst variant iscapableof many different 
i’lnhorations and we find the remarkable fact that any four men 
in .i plane can be tumed into a winning conhguration provided 


\ 
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there is at least one pair amongst the four men; by the term pair 
we mean two men lying on an otherwise unoccupied line of four 
cells. It is not usually wise to attempt to use this conhguration 
in any plane containing even a single enemy man. 

The basic hgures described above can be combined in many ways, 
the general principle being that the placing of the last man simul- 
taneously completes two conhgurations which cannot then both 
be blocked at the next move. The total number of men necessary 
to form the conhguration can be reduced by introducing double 
points. It may be arranged, for example, that two doublets have 
either two or three cells in common as in Fig. 4, the latter being 
merely a special case of four in a plane. 


Relative Value of Cells and Lines. 

The value of a cell can be assessed from the number of lines 
and planes in which it is contained. There are four different 
types of cell and their properties are given in the table below: 


Type of cell. 
Corner 
Central 
Face 
Edge 


Typical cell. 
Aai 
Bb2 
Ab2 
Aa2 


Planes. 

6 

6 

4 

4 


Lines of four. 

7 

7 

4 

4 


Similarly, the value of a line can be estimated from the number 
of planes in which it is contained and the number of transversals 
which it has. The table below gives this information for the six 
typical lines already enumerated. They are placed in order of 
merit. 

Type of line. Planes. Transversals. 


(«) 

Cube diagonal 

3 

24 

(b) 

Edge 

3 

18 

(«) 

Ac 2 tO Dc2 

3 

18 

(d) 

Face diagonal 

2 

18 

(e) 

Aa3 to Dd3 

2 

18 

(/) 

Ac 4 to Dc4 

2 

12 


Pegotty. 

Apart from the fact that the game is more restricted, in that it 
is conhned to a plane, the tactics of Pegotty are almost identical 
with what has been described. This depends on the fact that three 
men in a line constitute a check in this game also, for if A leaves 
this position B must place a man on the same line or A will add 
a fourth man and then to whichever end of the line B plays, A 
can put a fifth man at the other end. There is some mention of 
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i-, r .,Uy in the mathematical literature, but the theory of the 
Lcs not appear to have been investigated apart from the 
.1, . „vry of the doublet, the remark that the first player can always 
1 - 2 . line of four o„ his flfth move a„d the specdatt» tot 
t ,, i„ 40 moves are necessary for him to complete a lme of five. 

I hree-dimensional Pegotty seems to off<S °„ e JdcrSse? 
i„ovcments are not so restncted as m 4 3 noughts and crosses, 

„„ 1 hc other hand, the board wouldhave t0 be v ® r ^ la ^ r f e u “ on 
mlght be simpler to play, for example, to get five m a hne 


(» :l board. 


Pkodlems. 

In order to tamiliarise the reader with the notatmii1 for «cordmg 
moves and provide some recreation we append a couple 01 
pu/,/,lcs. The firat is comparatively simple m that it is plane, but 
tho sccond is rather more advanced. 

hirst problem: Noughts: Aai, Aa2, Cc4, Dd3- 
Crosses: Ab 3 , Cb 3 , Da 3 Dc 3 . 

Nought is to play and win in six moves. 

Sccond problem: 

Noughts: Aa4, Adi, Ca2, Cb4, Cc 3 , Cc4, Da4. 

Crosses: Bb 3 , Bc2, Cai, Cc2, Cd4, Db2, Dc 3 . 

Nought is to play and win in six moves. 

References to Go-bang 
l'alkener, Edward, Ancient and Oriental Games. 

I.ucas, E„ Recrĕations mathĕmatiques, Pans. „ 

larry, H. et al., Intermddiaire des mathĕmaticiens, Vol. , 95» 

p|>. 2 , 194» 3 20 - 


BACK NUMBERS 


CoPlES of Eureka Nos. 8, 9 and 10 are still available at " s '> IS ' bd ' 
„„l 2s respectively (post free . Cheques, postal orders, etc., 
id be mad« payabte to "The Treasurer. The Archrmedeans^ 

The Editor still requires copies of Nos I “ d J» uld U 

K | tt d to hear from any reader willing to sell any of these. 
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The Problems Drive 

It hasbeen customary during recent years for the Archimedeans 
to.hold an annual Problems Drive. The competitors are divided 
mto pairs which work together. Each pair is allowed five minutes 
lor a problem. The winning pair is the one that produces the 
largest number of correct answers. 

^ Since this issue of Eureka wiu'be read by many hundreds of 
mathematicians who were not able to be present at the 1047 Drive 
we have thought lt worth while to include the problems for their 
amusement. Answers will be found on page 30. 

(1) Find unequal positive integers x, y, z, such that x 3 + y 3 = 2*. 

(2) Four explorers, A, B, C, D, can each carry sufficient food 
ior 100 miles and can travel 25 miles a day. 

^ They all start from base, with food, and after travelling a certain 
distance dmde up the food. A and B retum to base, where they 
load up with food and lmmediately set out again. C and D travel 
0n ’ aim at a certain point, divide up the food again. C goes on 
yet further, D returns to meet A and B. When he meets them 
they share up the food they have with them, A and B return to 
ase, load up, and set out immediately, while D goes on. Mean- 
while C went so far and then turned back and continued till he 

0t D -„ T hen both contlnne back till they meet A and B again 
when all four return to base. ^ ’ 

Assummg that they would die if they ran out of food, what is 
the greatest distance from base that C can have reached? 

talse^- Determme whlch ot these statements are true, and which 

(i) Either ( a ) (ii) is false 

or/and ( b) both (ii) is true and (iii) is false. 

(ii) Fither (a) both (i) and (iv) are true 
or/and (b) (iii) is false. 

(iii) Either ( a ) (i) is true 

or/and (b) both (iv) is true and (ii) is false. 

(iv) Either (a) (ii) is true 

or/and (b) both (i) is true and (iii) is false. 

(4) Using the figures i, 2, 3 once each, and the usual mathematical 
symbols, express the number 19. 

(5) A. What is the greatest number that can be expressed using 

(i) four 2’s only 

( n ) four 4’s °nly (no symbols allowed)? 

Give, with reasons, the next term in the series 
U 4 » ^1 D b> 3> 2 , 6, . , . 


B. 
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((>) An engineer laid 15 wires across the Atlantic, but, unfor- 
hm.ilrly, got them mixed up. He therefore made certain 
•» mections between the ends of the wires in England, sailedacross 
iiiul made tests with a galvanometer in America. He then made 
< mmections at that end, returned and made similar tests in England. 

I \r was then able to work out which end in England belonged to 
Ihe same wire as each end in America. How did he do it? 

(The only source of E.M.F. at his disposal had to be kept with 
Ihe galvanometer.) 

(7) Using four i's and mathematical symbols, express, in turn, 
I li €5 numbers 7, 37, 71, 99. 

(H) Inside a triangle A B C a triangle A'B'C' is constructed so that 
AA' + BB' + CC' is constant, 

B'C' + C'A' + A'B' is a minimum. 

I'iiid the position of A'B'C'. 

(9) Prove that the determinant a^ such that + J 

i i composite or zero. 

G. C. S. 


AN UNSOLVED PROBLEM 

(.ivkn a ruler of indehnite length it is required to place on it as 
l«*w marks as possible so that any integral number of inches up 
lo n can be measured as the distance between two marks on the 
cdge of the ruler. For example, any distance up to 13 can be 
mcasured as the distance between two of six marks arranged on 
llie ruler at distances o, 1, 2, 6, 10, 13 from one end. 

Note .—The corresponding problem for points on a circular 
"niler” has been solved in some cases. Thus, if n is a prime 
01 a power of a prime any angle which is a multiple of 
,*tt /(« 2 + n + 1) can be measured as the angle at the centre 
brlween two of (n + 1) points arranged on a circle. This result 
r. tlie best possible as there are (n 2, + n + 1) intervals between* 
« | 1 points on a circle. 

■ ■ ■ 

And does the twisted cubic know 
That howsoever far it go 
It can never get away 
From those normals dropped from A? 

SUCRA, 
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Crossword 



12 . 

13 . 

x 5- 

16. 

18. 

20. 

23. 

34 . 

26. 

27. 

28. 


2 . 

3 . 

4 . 
5- 
6 . 

7. 

8 . 
9- 

14. 

17. 

19. 

21. 

22. 

25. 


A little question put to the classes about the Adriatic, but I’m not in on square terms (0 s) 
Letters for working m musical mountains (9). 51 

Egypt’s king or guardian (5). 

The Romans had a word for this one (4). 

The A.A. rehne it in limited space (6, 4). 

Jellied eels’ lips are evidently oval (8). 

One smallholder makes the market settled (6). 

Went north on Govemment service in India and got the third degree three times 6). 

Soak Ampĕre with tea so that he misses the note (8). 

An angler’s net is tied up with the snares (10). 

The Heart of the Matter? (4). 

Remoye the little divot from the golf club but leave the tees, for instance (s). 

At full length m Rome (2, 7). ■ 

Geometrical magnitude for keeping the rank and file together? (4, 10). 

^ , . DOWN 

Only one side in this combat (7). 

Pascal’s is Brianchon (4). 

A letter to the skinAint helps things out (8). 

Infuse in a small distillery (6). 

Temporal priest has a glass among his equipment (6, 4). 

Art part digested can be murderous (3, 4). 

What a submarine crew feels on coming up in war-time, but it keeps things together (7, 7). 
Three-m-one process for keepmg the contents whole? (6, 8). v 

Approximately one cent in price above what caused such a disturbance (10). 

Amicable mjunction which if made by a cannibal and not complied with might cause him to 
omit the direction (8). 

This one is even; which is odd (3, 4). 

This is opposed to having a Turk in the wav (7). 

The White Rabbit, perhaps (6). 

Lay out a French saint backwards (4). 

The solution will appear in the next issue. 
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Ruler and Compasses 

By J. Leech 

INCK the days of the great Greek geometers, the traditional 
iroinetrical instruments have been the ruler and compasses. So 
i i (o postulate as little as possible, Euclid used his ruler purely 
• . a straight edge, and his compasses as an instrument with which 
to draw circles centred at given points and of such radii as to pass 
Ihrough other fixed points. In other words, his ruler can only be 
used to draw the straight line through two given points, and is 
imgraduated, while his compasses cannot be used to transfer lengths. 

I Ims restricted, he is able by a sequence of theorems and con- 
lnictions to develop his geometry to the point where he is able 
lo iuscribe the regular dodecahedron and icosahedron in a given 
•phere. Only did these instruments fail the Greeks when they 
were confronted with the three famous problems of squaring the 
circle, trisecting the angle, and duplicating the cube, all of which 
we now know to be impossible (though a few cranks still produce 
"solutions” to these constructions). 

The more modern school of projective geometry has investigated 
llic constructions which may be performed with the straight edge 
nlone, giving us such constructions as finding the fourth point of 
.1 harmonic range, the sixth point of an involution, and points 
on, and tangents to, conics. There is even a construction for finding 
the ninth point through which the cubic curves through eight 
/;iven general points in a plane must pass. 

But the opposite problem of investigating the constructions 
which can be performed with the compasses alone seems to have 
attracted much less attention, and it is this with which the present 
paper deals. It will be shown that, in fact, any point which can 
l>(‘ constructed with the ruler and compasses can be constructed 
with the compasses alone. A few examples of these constructions 
are also included. 

Points which can be constructed with ruler and compasses are 
mtersections of one of three types: 

(a) intersections of two lines, 

(/;) intersections of line and circle, 

(c) intersections of two circles. 

To prove the desired result, it is necessary to construct inter- 
sections of types ( a) and ( b) by means of type (c) alone. The 
(ollowing constructions show how this may be done. 

Notation used: The circle whose centre is A and whose radius 
is AB is denoted A(B). 

A knowledge of the inversive properties of lines, points and 
< ircles is assumed. 
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Construction i.—Given two points A, B, to construct points 
C, D, E, . . . on AB such that AB = BC = CD = DE = etc. 

Draw A(B), B(A), to meet in L. 

Draw L(A) to meet B(A) again in M. 

Draw M(L) to meet B(A) again in C. 

Then C is the hrst of the required points. (This is the normal 
practice of stepping round B(A).) To obtain D, E, etc., we repeat 
as necessary. 

Construction 2.—Given a circle 0 (X) and a point A, to construct 
the inverse A' of A with respect to 0 (X). 

Case 1. OA > ^OX. 

Draw A(O) to meet 0 (X) in P, Q. (Fig. 1). 

Draw P(O), Q( 0 ), to meet again in A'. 

Then A' is the required inverse of A with respect to 0 (X). For, 
since the triangles OAP, OPA' are isosceles, and have a common 
base angle AOP, they are similar, hence OA : OP = OP : OA', 
i.e. OA.OA' = OP 2 . Further, by symmetry, A' lies on OA. 



A' 


Fig. 1. 


Case 2. OA < JOX. (A(O) does not now intersect 0 (X).) 

Using construction 1, construct B, C, . . . K, on OA and such 
that OK = k.OA > ^OX. Now construct the inverse K' of K 
with respect to 0 (X), and construct A' on OK' such that 
OA' = k.OK'. 

Then A' is the required inverse, since OA.OA' = OK.OK'= OX 2 . 

Construction 3.—To construct the inverse of a circle Q(Y) with 
respect to a circle 0(X), whose centre O is not on Q(Y). 
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( ( mstruct the inverse 0 ' of 0 with respect to Q(Y) and the 
hivnsc Q' of 0 ' with respect to 0 (X). 

1 ‘licn Q' is the centre of the required circle. 

<'onstruct the inverse Y' of Y with respect to 0 (X). 

I'hcn Q'(Y') is the required circle. 

since 0 and 0 ' are inverse with respect to Q(Y), their inverses 
wit 1 1 respect to 0(X), which are the point at inhnity and Q', are 
hiycrsc with respect to the required inverse circle. Hence Q' is 
i li<- ccntre of this circle, and as Y' is a point of this circle, its radius 
n ^)'Y'. If 0 (X) and Q(Y) intersect, we may simplify this con- 
lniction by choosing, instead of Y, a point of intersection of the 
Iwo circles (which is its own inverse with respect to 0 (X)). 

Construction 4.—To construct the inverse of the line joining two 
(Hiiitts A, B, with respect to a circle 0 (X) whose centre O is not 
on AB. 

Draw A( 0 ) and B( 0 ) to meet again in O', and construct the 
|uvcrse O' of O' with respect to 0 (X). 

I licn 0"(0) is the required circle. 

I liis is the same construction as the last with the reAection of O 
m llie line replacing its inverse in the circle, and using the fact that 
tlii; inverse of a line is a circle through the centre of inversion. 

Wc are now able to reduce any ruler and compasses construction 
lo a construction using the compasses only. The hgure obtained 
liy performing a construction with ruler and compasses consists 
only of points, lines and circles, and if the hgure is inverted with 
ii-spect to an arbitrary circle whose centre is on none of the lines 
or circles of the hgure, we obtain a new hgure comprising only 
i i 11 lcs whose centres and radii are known and which may be 
constructed with the compasses alone. The fmal points obtained 
111 this inverse hgure are then inverted back to give the points 
iequired in the original hgure. 

In particular cases, the construction may be simplihed by 
mvcrting with respect to a suitable circle of the hgure, or by using 
.1 eonstruction more directly htted to execution with the compasses, 
r. instanced in the following constructions. 

To construct the mid-point of the join of two given points A and B. 
I)raw A(B) and B(A) to meet in L and M (Fig. 2). 

I)raw L(M) and M(A) to meet in P and Q. 

Draw P(M) and Q(M) to meet again in X. 

Draw X(L) and L(A) to meet in R, S. 

Draw R(L) and S(L) to meet again in O. 

'l'lien 0 is the mid-point of AB. 
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For X is the inverse of L with respect to M(A), by construction 2 
and so is, by construction 4, the centre of circle ABM (which is 
the myerse of AB with respect to M(A)). Also, AXB = 2AMB 
= 120 0 = 180 0 — ALB, so that X is on the circle ABL, and by 
symmetry X lies on LM. The inverse of ABL with respect to 
L(A) is AB, so that the inverse O of X with respect to L(A) is the 
required mid-point of AB. 



To construct the circle whose centre is A and whose radius is BC 
(m other words, to produce a construction equivalent to transferrine 
the length BC to the point A, or, to justify in terms of our hctitious 
compasses which cannot transfer a distance, the process of trans- 
ferring distances with our practical compasses). 

Draw A(B) and B(A) to meet in L and M. 

Draw L(C) and M(C) to meet again in D. 

Then A(D) is the required circle. 

For, by symmetry, LMBC and LMAD are congruent, so that 
AD = BC. 

,, The P roblem of Archimedes, to construct the eight circles touching 
three given circles (outline 0} constructional procedure). 

Given three circles 0 (X), P(Y) and Q(Z) (supposed, for con- 
vemence, of unequal radii, lettered in descending order of radii 
and mutually external), to construct the two circles which 
respectively touch the three given circles all internally and all 
externally. ^ 

Construct the circles with centres O and P and with radii 

P” iP^ a f d PY ~ Q Z res pectively. Then the two circles 
through Q which touch these last two circles both internally and 
both externally respectively are concentric with the two required 

V/ll Llt/b# 
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Invcrt tliis hgure with respect to Q(Z). Then the two circles 

• • »ii< <mi tric with the two required circles invert into the direct 

• ominon tangents of the inverses of the two circles last constructed. 
Dnmte these two circles J(K) and L(M), J(K) being whichever is 
n( greater radius. Now construct the circle centre J and radius 
| K LM, and the circle whose diameter is JL, and let these two 

• ncles intersect in A and B. Then LA and LB are tangents from 
I to J(A). Now construct the points on J(K) which lie on the 
lines )A and JB produced in the directions indicated, call these 
i ;md D. Complete the rectangles on LAC and LBD with E and F, 
llien CE and DF are the required common tangents to J(K) and 
I (M). Now construct the centres of the circles inverse to CE 
.mil DF with respect to Q(Z), these are the centres of the two circles 
which touch the three given circles in the required manner. Their 
i.tdii are easily found. 

To construct the six circles with “mixed” contact, a similar 
construction is used, but using the circles centres O and P with 
radii OX ± QZ and PY ± QZ in pairs, and using transverse 
coinmon tangents when the signs are opposite. Thus all of the 
cight circles are constructed. A slight modihcation of this con- 
struction is necessary if any two of the circles are of equal radii, 
while if the three circles are not mutually external, certain of the 

< ircles are imaginary. In particular cases, one or more of them 
may degenerate into lines. Thus we may perform the construction 
of all of the real circles which touch the three circles with the 
( ompasses alone. In fact, the only things you canT do with the 

< oinpasses is use them as rulers, and even then, the construction 
of lines is unnecessary in the construction of points. 

Who wants to go on using rulers? 
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TWO PROBLEMS ON CATS 

(1) Two cats are sitting on a roof. Which is more likely to 
slip off hrst? 

(2) Prove that one cat has nine tails. 
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Members of Parliament—A Problem in 
Abstract Algebra 

By H. A. Thurston 

The Parliament of a certain country is electing members of itself 
to certain posts. Each election is by a board consisting of president, 
vice-president and secretary. As any M.P.—there are N of them 
—can play two or even three parts on the same board there are 
altogether N 3 distinct boards, each of which makes just one election. 
There is no case of the same man being elected by two boards 
differing by only one officer. Moreover, for any five M.P/s the 
board whose president is the man elected by the board whose 
officers are the first, second, and third men respectively, whose 
vice-president is the fourth man and whose secretary is the fifth 
man always makes the same choice as the board whose president 
is the hrst man, whose vice-president is the man elected by the 
boardwhoseofficers are the second, third and fourthmenrespectively, 
and whose secretary is the fifth man. 

Prove (i) That this choice coincides with that of the board whose 
president is the first man, vice-president the second, and secretary 
the man elected by the board whose officers are the third, fourth 
and fifth men respectively. 

(ii) That if A is any M.P. there is an M.P. B such that any board 
with A and B as president and vice-president (not necessarily 
respectively) will always elect the secretary. 

(iii) If each man when serving as all three members of a board 
always elects himself, then interchange of president and secretary 
of any board does not affect its choice. 

(iv) If, in addition, the same three members always make the 
same choice, no matter which holds which office on the board, 
then N must be even. 

(v) If there is a man X who whenever he serves as two members 
of a board always elects the third and if we dehne the product 
of two M.P. s A and B as the M.P. elected by the board whose 
officers are A, B and X respectively, then the M.P/s form a group. 

The solution appears on page 31. 


In the Greek mathematical forum 
Young Euclid was present to bore ’em. 
He spent most of his time 
Drawing circles sublime, 

And in crossing the Pons Asinorum. 
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/\ Note on Fermat’s Last Theorem and 
the Mersenne Numbers 

By C. B. Haselgrove 

I iii object of this paper is to establish a connection between 
l rnnat's Last Theorem and some numbers which are of the same 
I ype as the Mersenne Numbers but which are more general in nature. 
A t able of these numbers, which we shall call the Associated Mersenne 
Numbers, can be found at the end of this paper. The method that 
W<* shall use is the classical method of the theory of equations 
wliich we shall apply to the theory of congruences. We shall 
■i .Mime that the reader is familiar with the elementary theory of 
rongruences as given in works such as Hardy and Wright: An 
I ntroduction to the Theory of Numbers. Almost all the theorems 
of tlie theory of equations may be taken over into the theory of 
«ongruences by merely replacing the equality signs by congruence 
igns. In particular, this is true of the theorem that any symmetric 
hmction of the roots, with integral coehicients, can be expressed 
■is ;i polynomial function of the coefficients with integral coehicients. 

I lie proof of this result in the theory of congruences is the same 
.is in the theory of equations except for the replacement of all 
I ln* equality signs by congruence signs. 

11 is well known that if p is a prime of the form (nr + i) the 
congruence: 

x n = i (mod p) .. .. .. (i) 

hiis n distinct roots which are the residues which r th powers may 
Like (mod p). For by a theorem due to Fermat we have 
n Hr a = i (mod p) provided that p does not divide a. For if x 
i i a root of the congruence (i) the congruence a r = x has at most 
r roots. Also the congruence (i) has at most n roots. If it has 
Lwrr than n roots we arrive at a contradiction since a can take nr 
<!ilfrrent values (mod p). Let the roots of the congruence (i) be 
x 2 , . . . x n . Then, as we have stated above, any polynomial 
ymmetric function of the x { with integral coehicients can be 
• \ | iressed as a polynomial function of the coehicients with integral 

< nrllicients. This function of the coehicients is the same as the 

< orresponding symmetric function of the roots of the equation 

x n = i . . .. . . (2) 

whicli we shall suppose has roots z v z 2 ... z n where z n = 1. Thus 
w<* have in particular 

n (»< + Xj — i) = U + Zj — 1) (mod p) .. (3) 

wliere i and j both run from i to n on both sides of the equation. 
A tlie factors of the left-hand side of (3) are the possible values of 
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x r -j-y r — i (mod p), the necessary and sudicient condition that 
it is possible to solve the congruence 

x r + y r = I (mod p) .. .. (4) 

is that p should divide the right-hand side of the equation (3), 
which is an integer which we shall denote by cr(n). This is the neces- 
sary and suhicient condition that the congruence 

x r + y r = z r (mod p) .. .. (5) 

can be solved with xyz not divisible by p. For if we can solve (4) 

we can certainly solve (5) by taking z = 1. Also, if we can solve 

(5) we can solve (4) by hnding a, so that az = 1 (mod p) and then 
multiplying both sides of the congruence (5) by a r . Hence, if x, y 
and z are three positive integers such that: 

+ y = z r . (6) 

and if p is a prime of the form (nr + 1) then either p divides xyz 
or divides a(n). Thus, p divides xyza(n). It now remains to deter- 
mine the factors of the numbers o(n). 

Consider the product 

a k (n) = n (z* + z { — 1) * = 0, 1,. . n — i .. (7). 

Then a k (n) is an integer since the product on the right-hand side 
of (7) is a symmetric function of the roots of the equation (2). 
Further, if n is a prime we have: 

n a k (n) = n n (zp + z { — i). 

k = i i = 1 k = 1 

Now if Zi ¥= 1, Zi k runs through all the Zj ¥= 1. If z+ = 1, 
z i + Zi — 1 = 1 for all k. Hence the product equals 

n n (^i + zj — 1) 

i= 1 j = 1 

since the product of those terms with z t = 1 or Zj = 1 is 1. 

Thus M _ x 

a(n) = n a k (n) .. .. .. (8). 

k = I 

Also for composite n we see that a k (n) divides a(n). Thus by study- 
ing the properties of the numbers a k (n ), which we shall call the 
Associated Mersenne Numbers, we can obtain information about 
the numbers a(n). Suppose that the roots of the equation 

Z k + Z — 1=0 . (9) 

are b v b 2 . . . b k , where k > 2. Then since n (b — z^) = b n — 1 
we have 

a k (n) = n (1 — bj n ) where j runs from 1 to k . . .. (10) 

This expresses #*(w) as a symmetric function of the roots of the 
equation (9). We shall now state some results that can be deduced 
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(ihiii (io); proofs will not be given here as they involve the theory 
* *l I lie Galois Imaginaries. For an account of this theory see ref. i. 

(I) lf n divides m then a k (n) divides a k (m). 

(II) If p and q are primes and if p divides a k (q) then q divides 
/» h i where K is the lowest common multiple of i, 2, . . . k. 

(III) If p is a prime then p divides a k (p K —i), and the residues 
o( a k (n) (mod p), as a function of n, repeat with period P K — 1. 

(IV) There is a linear recurrence formula for a k (n) regarded as 
u hinction of n. For example, we have: 

(i) a x (n) = 2 W — 1. a x (n) — 2a x (n—i) + 1. 

(ii) a 2 (n) = — a 2 (n—1) + a 2 (n—2) + 1 — (—i) M . 

(iii) a 2 (n) = a 2 (n— 1) — a 3 (n—2) + 3 3 ) — a 3 (n— 4 ) 

+ a z (n- 5) — a z (n— 6). 

Tlie result (I) is a trivial consequence of the formula (10), for 
lli<* (|uotient a k (m)/a k (n) is clearly a symmetric polynomial function 
ol (he roots of (9) and so is an integer. 

The linear recurrence formulae may easily be proved by 
multiplying out the product for a k (n). This expresses a k (n) as 
the sum of the n th powers of certain quantities which may be 
irgarded as the roots of an equation with integral coeihcients. It 
1. shown in books on algebra (e.g. ref. 2) that such an expression 

dislies a linear recurrence relation with the same coefhcients as 
tho c(iuation. 

1'lie results (II) and (III) may easily be proved by means of the 
(•.ilois Imaginaries which enable us to solve the congruence 

* | 2 — 1 = 0 (mod p). The relation (II) shows the analogy 
bctween the numbers a k (n) and the Mersenne Numbers which 
..disfy the relation (II) with k = 1, K = 1. 

As the sign of the numbers a k (n) is irrelevant to the subject, 
w<* have tabulated them as if they were positive numbers. There 
1. .oincthing to be said for modifying the dehnitions so that they 
.11 <* necessarily positive. The tables have been constructed by 
using the linear recurrence formulae. The relations (I), (II) and 
(III) form a very useful check on the accuracy of the calculations. 

I licre are several very interesting relations between the numbers 
a k (n) which there is no space to discuss here. For example, 
a h (n) — a t (n) if kl == 1 (mod n). It would be very interesting to 
Mludy under what conditions a k (p) is prime, but the author has 
not Ihe time at his disposal to carry out any of the laborious calcu- 
lalions necessary. It is possible that the numbers may provide 
1 iis(*ful test for the primality of the Mersenne Numbers and other 
M*Iated numbers. The numbers a 2 (n) have already been used for 
1 1 1 i *i purpose by Lucas (ref. 3). 
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Table of the Associated Mersenne Numbers 


n 

k = 1 

k = 2 

k = 3 

0 

0 

0 

0 

1 

1 

1 

1 

2 

3 

1 

3 

3 

7 

4 

1 

4 

15 

5 

3 

5 

3 i 

11 

11 

6 

63 

16 

9 

7 

127 

29 

8 

8 

255 

45 

27 

9 

5 ii 

76 

37 

10 

1023 

121 

33 

11 

2047 

199 

67 

12 

4095 

320 

117 

13 

8191 

521 

131 

14 

16383 

841 

192 

J 5 

32767 

1364 

34 i 

16 

65535 

2205 

459 

17 

131071 

3571 

613 

18 

262143 

5776 

999 

19 

524287 

9349 

1483 
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Remark on the Motion of Tops in reply 

to Quer y 

Dear “Sucra”, 

Though with great success 
At first I steadily precess, 

This later changes to nutation— • 

A thing you ’11 find by computation— 

And now please let the matter drop. 

Signed , 

Yours, 

A mathematic 

Top. 

4 P.S.—For further reference, Lamb, 

The latter part of his Dynam. 
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By D. J. Wheeler 

I l.I* < TRONics has only recently invaded the held of calculating 
machines. It was hrst used in E.N.I.A.C., the electronic numerical 
Intrgrator and calculator made in America during the war. Whilst 
this was under construction it was observed that machines having 
Hi c(iuivalent performance could be built with fewer valves if they 
incorporated high-speed memories. Such machines are now being 
i nnstructed in various places throughout the world, the high-speed 
mcniories usually consisting of batteries of mercury tubes or 
«.11 hode-ray tubes. 

IC.D.S.A.C. (the electronic delay storage automatic computor) 
is a small machine of this type being built in the mathematical 
hihoratory under the direction of Dr. M. V. Wilkes. We shall 
consider briehy its mode of action. 

'Hie machine has five parts: 

(«) A memory unit, 

(b) A computor or arithmetic organ, 

(c) A control unit, 

(d) An input unit, and 

(c) An output unit (see ref. i). 

(u) Numbers, expressed in the binary scale, are stored in the 
form of supersonic bursts of waves travelling in mercury contained 
m a tube. The waves are generated at one end of the tube by a 
yihrating quartz crystal, and travel to the other end where they 

II c converted into electric impulses, which are amplihed and used 
lo generate waves again. The action is that of a juggler keeping 
m;my balls in the air at the same time. Each memory tube can 
jtiggle with 576 digits, and since the memory consists of two batteries 
of 16 tubes, it can hold 1024 numbers, each of 17 digits. Any of 
lh(‘se numbers can be read or replaced at will. 

(b) The computor consists of a mercury delay line, called an 
accumulator. Numbers from the memory can be added to, or 
••iihtracted from, the number in the accumulator, or multiplied 
logether and added to or subtracted from the number in the 
»11 < umulator. In addition, the contents of the accumulator can 
1 <*i>lace any number in the memory. By the successive use of these 
«'lementary operations of arithmetic almost any calculation can 
I)<* speedily carried out. 

(c) The control “looks at” certain numbers called “orders” 
h<*l<l in the memory, and interprets them as instructions, which it 
I hen executes. The order to be obeyed is specihed by the sequence 
control number, which is increased by one as each operation is 

23 





H-ssass—■ 

one row can be reari at a r 1 tne tape ano onl y 

i.. T tte“orto"^v a refc?;h hiS T S ‘ be P^rammed, 

b« worked out V,/ " "“°J °' ' he pr0blem ”« 

to perform a comparatively large number olop^ation? ° f ° rderS 
i Orders m the memory may be used more than once. 

o/derJ ^ mem ° ry Can be ad J' Usted ^ mean s of other 

Sy X 

x i + x 2 + x 3 + x i + x . + Xe + X7 + Xa + X9 + Xig=zy 

1» 

mstead of 2 x { = y? 

1 

Who would be able ,„ write out the uushortened vensi„„ 

inn 

i, k = I, 2, . . . IOO, 


( 3 ) 


100 

2 u { j b jk = c ikf 

j = i 


which has one million terms? 

Thus to calculate the scalar product of x r , 

would programme as follows: 1 ’ ‘ ‘ 50 • • • ^so we 

» n — i 

~i= x *yn- Repeat for n = i, 2, . . . 50. 
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\II tliis implies that the machine is best suited for large numbers 
«»! similar calculations. Thus suitable problems for the machine 
lo tackle are the solution of differential equations, Fourier synthesis, 
matrix multiplication, the calculation of tables, and so on. Many 
problems will need a different approach when machines such as 
I' D.S.A.C. are used to solve them (see ref. 2). “Intelligence” 

Ih likely to be very expensive to programme both in time and 
mrmory space, and so in many cases the machine will solve problems 
by methods which would be quite impracticable with human 
rnmputation. On the other hand, some problems can be tackled 
more directly by the use of the machine. For instance, after 
programming complex addition, multiplication and division, com- 
|>l«‘x numbers can be handled directly, and so functions of a complex 
yariable can be calculated directly and not as the sum of real 
imd imaginary parts. 

Ccrtain problems other than those of mathematics can be solved 
I >y tliese machines. It is possible for them to indulge in games of 
< hess, and although it is doubtful if an existing machine could win 
I Ik* chess championship of the world, the possibility of one being 
htiilt in a few years' time that could do so is quite real. 
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SOLUTIONS TO CAT PROBLEMS 
(1) The one with the smaller /jl. 

(-2) No cat has eight tails. 

One cat has one tail more than no cat. 

Ilence one cat has nine tails. 


25 





The Deltoid (II) 

By A. M. Macbeath 

In the first part of this article, published in the last issue of Eureka, 
a definition of the deltoid was given and some of its properties 
were proved. In this part we use some of these results to investigate 
the family of deltoids which touch three lines. To assist the reader 
we restate briefly the definition and the relevant theorems. 

Let a point P describe the circumference of a circle S with 
uniform angular velocity, as observed from the centre of S. Let 
p be a line through P rotating in the opposite sense with half the 
angular velocity. The envelope of p is called a deltoid. P is 
called the central point of p. As in the last issue, we use P, P^, P 2 
. . . to denote different points on S; p, p lf p 2 • • • the corresponding 
tangents of the deltoid. Q {j denotes the intersection of p^ and 
Pj. In the last issue we proved: 

T.i: The circle PiP 2 Qi2 h as the same radius as S. 

T.3: The three circles PiP 2 Qi2* ^ 2 ^ 023 » ^3^1^31 a ^ P ass through O, 
the circum-centre of the triangle pip 2 p 2 . 

T.4: There is a unique aeltoid touching four general lines. 

Consider the figure (as in T.3) of three lines p lt p 2) p 3 , touching 
a deltoid. Let O be the circumcentre of the triangle /i/ 2 / 3 . The 
three tetrads OPiP 2 Qi 2 , OP 2 P 3 Q23, OP 3 PiQ 3 i are concyclic lying on 
three circles all equal to the circle PiP 2 P 3 which is the incircle of 
the deltoid. 

It is not difficult to show that, given a triangle pxp 2 Pzy there is 
an infinity of ways of building up such a diagram. (We leave 
the details to the reader.) If we assign P x arbitrarily on p lf the 
rest of the figure is determined. Thus there is a simple infinity 
of deltoids inscribed to the triangle. These tamilies have the 
following properties: 

T.6: (i) The centre of a deltoid touching the three sides of a triangle 
lies on the perpendicular bisector of OH.* 

(ii) The incircle of a deltoid inscribed to a triangle has double 
contact with a certain fixed conic: namely that which touches the 
three lines and has O, H for foci. 

On applying T.4 we deduce a remarkable property of the complete 
quadrilateral. 

T.7: If, for each of the four triangles of a complete quadrilateral, 
we construct the perpendicular bisector of the segment joining circum- 
centre and orthocentre, the four lines so obtained are concurrent. 

* O, H denote the circumcentre and orthocentre respectively. 
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!'roof of T.6 (i). The angles PiQi 2 P 2 > P2P3P1 are equal, standing on 
ihc common chord of two equal circles, and similarly for two other 
|uirs. The triangles P1P2P3, PiPtPs are therefore similar. 

If we denote the orthocentre of PiP 2 P 3 by Q, we have angle 

I *iQP 2 = tt — P^PgPg, so Q lies on the circle PiP 2 Q 12 . Applying a 
imilar argument to the pairs P 2 , P 3 ; P 3 , P 1} we find, using T.3, 

lluit Q coincides with O. 

Thcn, as P x , P 2 , P 3 vary, the triangle PiP 2 P 3 is fixed in shape and its 
orthocentre O is fixed. Every point which is fixed relatively to the 

II iangle PiP 2 P 3 describes a locus similar to that of P v i.e. a line. In 
p.irticular, the circumcentre C, which is the centre of the inscribed 
ildtoid, describes a line. If P x is at the point where OP x is per- 
pcndicular to its locus^, the corresponding positions of P v P 2 , P 3 are 
llie mid-points of the sides, and C is at N, the nine-points centre 
i>f />! p 2 pz- The locus of centres of the deltoids is thus the per- 
pondicular through N to ON, i.e. the perpendicular bisector of 
OH. 

1.6 (ii) is more difficult and we require two lemmas. 

Lemma 1: Let O, H be the common points of a coaxal system of 
(ircles. Let a variable circle of the system cut the line of centres at C. 
/ rt T be a point on the circumference such that TC = k.OC, where 
k is a fixed ratio. Then the locus of T is a conic with foci at 
O, H. 

In the proof of lemma 1 we use the following celebrated theorem 
nf Appollonius: if P, Q are two points , the locus of X such that 
I 'X = k.QX ( where k is constant) is a circle with centre on the line PQ. 
Wc call this locus the k-circle of P, Q. P, Q are found to be 
inverse points with respect to their k-circle, so that any circle 
Ihrough P, Q cuts the k-circle orthogonally. 

Por fixed C, T (Fig. 1) consider the two k-circles: 

(1) The locus of X so that TX = k.OX; centre O', say; 

(2) The locus of Y so that TY = k.HY; centre H', say. 

I hen since TC = k.OC = k.HC (from symmetry), C is on both 
ilicse loci, and they both cut the circle TOCH orthogonally. 

I lcnce 0 'CH' is the tangent at C; O', H' are respectively the inter- 
• < lions of this tangent with TO, TH. 

()'C is the radius of the k-circle of T, O and hence 0 'C = m.TO 
whore m depends only on k. Similarly, CH X = m.TH. Again, 

()' I n.OT, where n depends only on k. Hence 0 'H' = n.OH. 

Thus | OT ± TH | = m- 1 10 'C ± CH' | ^m" 1 10 'H' | = m^n |OH| = 
nmstant, and the locus of T is a conic with foci at O, H. 
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Lemma 2: Let O, H be fixed points and l their perpendicular 
bisector. Let T be a variable circle with centre C on l and radius 
k.OC, where k is a constant. Then the envelope 0} T is a conic with 
foci at O, H. Each circle T has double contact with this conic. 



Proof: To find the envelope we consider the intersections of two 
neighbouringcircles T, T', centres C,C' (Fig. 2). Wemaysuppose they 
meet at X, Y. Then XC': XC = OC': OC = YC': YC. Thus there 
is a circle of Apollonius through O, X, Y passing between C, C x 
(inverse points) and having centre on l. 



On letting C approach C' we find that the points of contact T, U of 
T with its envelope lie on that circle of the coaxal system through 
O, H which passes through C. Since CT = CU = k.OC, the 
result follows from lemma 1. 
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We can now complete the proof of T.6 (ii) by showing that the 
' l of incircles of deltoids touching^, p^ p 3 satishes the conditions 
of lemma 2. Regarding O, H again as the circumcentre and 
orthocentre of p^p^p^, the centre C of the incircle lies on the 
perpendicular bisector of OH, by T.6 (i) already proved. 

l lie triangle P^P^P^ is fixed in shape, O is its orthocentre and C 
ils circumcentre. Hence OC bears a fixed ratio to the circum- 
nidius, and lemma 2 shows that the envelope of circumcircles of 
^i^aPa* which are incircles of the deltoids, is a conic with foci 
ttt O, H. 

We leave it to the reader to show that this conic touches 
p |. />2> Pz' This can be done by proving that there is a unique 
doltoid of the family whose incircle touches p x at P x . It is then 
<’.isy to prove that, in this position, P x is the contact of the incircle 
wilh its envelope. 

1 11 the next issue it is hoped to include a third part of this article* 
K*ving a synthetic proof of a theorem of Morley on the Miquel points 
<>f (ive lines which touch a deltoid. 


Book Review 

ihc Solar System Analysed. By F. C. Attwood. (Dawson Printing 
Co., Ltd., Auckland, New Zealand.) 

Copies of this book may be obtained from the ofhce of the High 
< 'ommissioner for New Zealand, New Zealand House, London. 

This book must not be regarded as a first introduction to the theory 
of the solar system but rather as a set of suggestions to interested 
iraders. Mr. Attwood has succeeded in raising many interesting topics 
in liis small book. The approach is unorthodox—as, indeed, the title- 
niige tells us—and many of his conclusions are original. This does not, 
liowever, condemn the book, and many of his points will repay 
uireful study. 

The book first deals with the origin of the solar system and the 
(ormation of the planets. Mr. Attwood breaks away from the idea of 
Hnivitational attraction of a neighbouring star and postulates instead 
ttn original solar nebula which, in cooling, and contracting to spherical 
form, leaves behind rings. These describe orbits around the central 
nmss but in time the primitive rings contract to form planets. The 
formation of direct moving satellites is explained in a similar manner. 

The remainder of the book contains a new theory of tidal action 
im< 1 interesting theories on lunar and terrestrial evolution. It is perhaps 
imCortunate that the book could not have been a little longer as the 
ttiithor has insuhicient space to develop his theories. He has, however, 
madc many suggestions which remain to be proved or disproved as 
oiir knowledge of the solar system increases. 

R. J. T. 
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Potter’s Orchard 

By I. Bridges 

Potter had an orchard containing 9 pear trees, so arranged 
that there were 9 rows each containing three trees, and no row 
contained more than 3 trees. 

Putter gave Potter 16 young apple trees which Potter planted 
in his orchard in such a way that his 25 trees were arranged in 
18 rows, each of five trees, and no row contained more than five trees. 

What was the final arrangement of trees in Potter’s orchard? 
A solution will appear in our next issue. 


Solutions to Problems in this Issue 

THE PROBLEMS DRIVE 

(1) x — 70, y — 105 is one answer. See Eureka, No. 10, p. 5. 

(2) 100 miles. 

(3) (i) True, (ii) false, (iii) true, (iv) false. 

(4) (2/-i) — [\/3] where the square brackets denote, as usual, 
“integral part of." 

(5) A: (i) 2 * 22 (ii) 

B: 4. The terms are the integers of the series 
1, 2, 4, 8, 16, 32, 64, . . . 

(6) He connected the 15 wires in groups of one, two, three, four 
and five. In America he could pick out these groups with his 
galvonometer. He then selected one wire from each group, and 
connected them together, one wire from each of the remaining four 
groups, and connected them together, and so on. In England he was 
able to pick out these groups and so deduce which end in England 
belonged to each end in America. 

(7) (1 + 1 + 1)! + 1, iii x V(*i) 

•1 x (V(i/d))!! - 1, i/(-i x-i) - 1. 

(8) A'B'C' is equilateral and so constructed that AA', BB' and CC' 
bisect its angles. 

(9) If the order of the determinant, n, is greater than three, subtract 
the first column from the third, the second from the fourth, giving 
two columns of*even integers. Hence the determinant is divisible 
by 4 or is zero. If n = 1, 2, 3, direct calculation (expanding by a 
row or column) gives the result. 
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MEMBERS OF PARLIAMENT 

I )<*note by ( abc ) the man chosen by the board whose ohicers are 
i h und c respectively. Then as # runs through the Parliament, (xbc) 
M'|>i('sents N diherent men, for otherwise there would be a case of 
l wi i boards dihering by one member electing the same man. Hence 
H irprcsents the N members just once each. Similarly, for ( axb ) and 
m/u). This means that given three of a, b, c, d, the fourth is uniquely 
ilHormined by the relation (abc) = d. 

Now we are told ((abc)de) = (a(bcd)e) for any abcd. 

Ihon 

(((abc)de)fg) = ((a(bcd)e)fg) = (a((bcd)ef)g) = (a(b(cde)f)g) = ((ab(cde))fg). 

Ilcnce ((abc)de) = (ab(cde)), proving (i). 

(',iven a and c there is a b for which (abc) = c. li x is any M.P. 
Int x = (cpq). Then (abx) = (ab(cpq)) = ((abc)pq) = (cpq) = at. Thus 
tho board (ab •) always elects the secretary. 

Also (a(bab)x) = (ab(abx)) = (abx). Therefore (bab) = b. So, as 
ul>ove, (bax) = Ar, and so the board (ba •) also elects the secretary. 

I'or (iii) we are told that (xxx) = x. So, as above, (xxy) = y. 

Ilien ((xyz)(xyz)(xyz)) = (xyz) = (x(yyy)z) = (x((yzz)y(xxy))z) 

= ((xyz)(zyx)(xyz)). Hence (xyz) = (zyx). 

Under the conditions of (iv) we can associate with any M.P. p 
ti partner ( pab). Since p = (paa) (pab) no M.P. is his own partner. 
(juiby s partner is (( pab)ab) = (pa(bab)) = (paa) = p. Hence we have 
<!ivided N into pairs, so N must be even. 

For (v) the divisibility postulates are obvious. 

| ab]c = ((a6X)cX) = (o6(XcX)) = (abc) = ((a6c)XX) = (a{bcX)X) 
a[bc\ where square brackets denote the product as dehned. Thus 
thc associative law holds and the M.P.’s form a group. 


Solutions to Problems in Eureka No. 10 

A TENNIS PROBLEM 

In any knock-out tournament tbe number of matches played is 
one less than the number of entrants. Hence there were 99 matches 
111 all. The other information given was irrelevant. 

CROSSWORD PUZZLE 

Across: —1. Indeterminate. 8. Card. 9. Dehnition. 11. Machine. 
12. Grad. 14. Lily White. 16. Etnas. 17. Xenon. 19. Tasteless. 
2 1. Oner. 22. Conhne. 24. Birational. 25. Bias. 26. Apple 
of his Eye. 

Down: —2. Direct Line. 3. Reeve. 4. Icing Sets. 5. Alidade. 
(*. Jidit. 7. Linear Systems. 8. Complex Number. 10. View. 

1 Indehnite. 15. Interpose. 18. Non-stop. 20. Eons. 22. Chaff. 

2 Area. 
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A BRITISH CAFĔ 

OPEN TO SERVE YOU 

(from 10.30 a.m. to 11 p.m. Sundays 12 to 11 p.m.) 
with 

MORNING COFFEE 

3-COURSE LUNCH 2/6 - TEAS - HIGH TEAS 
SUPPERS - DINNER (a la Carte) - COFFEE 

PAY A YISIT TO THE 

- EROS CAFĔ - 

25, PETTY CUEY, CAMBRIDGE 

TELEPHONE - CAMBRIDGE 3 6 0 1 


JACK CARTER 

9 PORTUGAL PLACE, CAMBRIDGE 

Tel. 3694 

HIRE SERYICE 

Dinner Suits Dress Suits 

Morning Suits 

and all sundries 

FOR HIRE AT MODERATE CHARGES 


Gentlemen’s Clothing and Boots and Shoes bought 
I PAY HIGHEST PRICES 
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. >NI [CTIONERS 


'Phone 2500 



52 TRUMPINGTON STREET, 
CAMBRIDGE. 


S pccial Fitzbillie Sponge. E. & A. Mason, Sole Proprietors. 


rJYCathematics and <Physics 

We hold a large stock in this subject and 
they can be inspected in our Mathematical 
room, also Text Books in front shop. 

CATALOGUE READY SHORTLY 

GALLOWAY & PORTER LTD 

3 0 SIDNEY STREET, CAMBRIDGE 


LIVINGSTONE RESTAURANT 

English Continental Kosher 
16, 17, PETTY CURY, CAMBRIDGE 

Open all week (including Sundays), from 9 a.m. to 11 p.m. 
Morning Coffee 9—12 

Three Course Lunches and Dinners, 2 / 3 , 2 / 9 , 3/6 and 3/9 
Afternoon Tea 3—7 

Parties Catered for. Telephone 54769 

(Manager— Hans Zentner) 
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Meet me at 

The Green Park Restaurant 

37-39 REGENT STREET, CAMBRIDGE 
for 

Breakfast, Lunch or Supper 
Open from 9 a.m. to 11 p.m. 

EVERY DAY 

Tables Reserved Parties Catered for 

Our speciality—Omelettes of all kinds 
Continental and English Dishes 

PROP.—JOHN PETTEMERIDES PHONE: 383511 
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ItOWES & BOWES 


FOR 

IMathematical Books 

ENGLISH & FOREIGN 
NEW & SECONDHAND 

★ 

We invite you to inspect our large stocks 
of Scientific Books on the first floor of 
our premises. We specialize in Books on 
Mathematics and Physics. A note of your 
interests will bring our catalogues and lists 
by return of post. 


★ 

TRINITY STREET 
CAMBRIDGE 

Telephone: 55488 
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